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We show that spin-polarized local density of states (LDOS) measurements can uniquely determine
the chiral nature of topologically protected edge states surrounding a ferromagnetic island embedded
in a conventional superconductor with spin-orbit coupling. The spin-polarized LDOS show a strong
spin-polarization directly tied to the normal direction of the edge, with opposite polarizations on
opposite sides of the island, and with a distinct oscillatory pattern in energy.
The past few years have seen a rapid development of
the field of topological superconductivity [1–5]. Moti-
vated both by exploration of a new frontier in physics and
the prospect of using Majorana bound states for topo-
logical quantum computation [1, 6, 7], substantial theo-
retical and experimental progress have occurred [8–14].
While many topological superconductors are predicted
to host Majorana bound states, they only arise under
specific geometric conditions, such as when a topolog-
ical superconductor forms a one-dimensional (1D) wire
or in the superconducting vortex core of a 2D system
[15–22]. Still, for other higher-dimensional geometries
topologically protected edge states naturally also appear,
although these states will form dispersing edge states.
This is of great practical utility when scanning for candi-
date topological superconductors as it requires much less
stringent experimental conditions. For example, islands
of arbitrary shape and size can be studied, rather than
highly specialized wire geometries.
The most direct and natural way to study real space
structures, such as topological superconductor islands,
is through scanning tunneling microscopy (STM) mea-
surements. Such an experiment was recently carried out
on Pb/Co/Si(111) with clear indications of topologically
protected edge states [23]. Here Pb provides supercon-
ductivity and Rashba spin-orbit interaction, while Co
islands provide the necessary magnetism to seemingly
generate a topological superconducting state inside the
islands. While the evidence are convincing, it is impor-
tant to remember that even if the edge states are estab-
lished as due to a non-trivial topology, different topologi-
cal phases can result in widely differing edge states. The
most prominent distinction is that between a single chi-
ral edge state and counter-propagating, or helical, edge
states. This distinction is not only crucial for establish-
ing the basic physical properties, but more importantly,
only the chiral topological superconductor can host non-
degenerate Majorana bound states, providing the most
direct route for constructing Majorana bound state de-
vices.
Straightforward local density of states (LDOS) mea-
surements cannot easily distinguish between chiral and
helical edge states. However, spin-polarization around
isolated magnetic impurities have recently been used as a
tool to characterize different properties of spin-orbit cou-
pled and topological superconductors [24–27]. It has also
recently been shown that a chiral topological supercon-
ductor with Rashba spin-orbit interaction exhibits persis-
tent spin-polarized currents along its edges [28]. These
persistent currents can be understood as a consequence
of the chirality, while the spin-polarization is due to the
spins in the currents coupling to the Rashba spin-orbit
interaction. Together, these results suggests that spin-
polarization measurements might be very attractive for
determining the nature of the edge states in candidate
topological superconductors.
In this work we perform extensive numerical calcula-
tions of the LDOS and spin-polarized LDOS for ferro-
magnetic islands embedded in conventional s-wave super-
conductors with Rashba spin-orbit coupling within the
topologically non-trivial phase. We find that the edge
states are clearly visible in the LDOS forming a charac-
teristic x-shaped structure in real space when crossing the
energy gap. This gives rise to a one-ring structure around
the island at zero bias, while at higher energies the edge
states naturally form a two-ring structure. This clearly
establish the existence of edge states, but it is notably not
possible to determine the number of edge states from this
data. However, our spin-polarized LDOS results clearly
shows that only one spin species cross the Fermi level at
any given edge, manifestly proving the chiral nature of
the edge states. In particular, we show that this branch
has an in-plane spin-polarization directed along the nor-
mal to the edge. At higher ingap energies we find that
the spin-polarization is transferred to the opposite edge
of the island, which provides a very powerful experimen-
tally accessible signature for chiral edge states.
For completeness we also investigate the influence of
a p-wave superconducting order parameter component
instead of the Rashba spin-orbit interaction, as such are
often used interchangeably in many theoretical models.
However, we find no qualitative difference compared to
the chiral state generated by finite spin-orbit interaction,
and thus conclude that edge state properties does not
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2change between using a p-wave component or a Rashba
spin-orbit interaction. In particular, this is in contrast
to arguments presented in Ref. [23], where it was argued
that a p-wave order parameter was needed to explain
their experimental results. All the relevant signatures are
here reproduced in both models and no extension beyond
the conventional spin-orbit picture is therefore needed to
explain the data.
We consider a general 2D superconductor with spin-
orbit coupling on a square lattice with additional finite
sized ferromagnet islands, see Fig. 1 and described by the
Hamiltonian [15, 16, 20–22, 26, 28, 29]
H = Hkin +H∆s +Hso +H∆p +HVz . (1)
The two first terms are given by
Hkin = −t
∑
〈i,j〉,σ
c†iσcjσ − µ
∑
i,σ
c†iσciσ,
H∆s =
∑
i
(
∆sc
†
i↑c
†
i↓ + H.c.
)
,
and describe a conventional s-wave superconductor,
where c†iσ (ciσ) is a creation (annihilation) operator for
a σ-spin on site i, t the nearest-neighbor hopping am-
plitude, µ the chemical potential, and ∆s a conven-
tional spin-singlet s-wave superconducting order param-
eter. The next two terms are
Hso = α
∑
ib
(
eiθbc†i+b↓ci↑ + H.c.
)
,
H∆p = ∆p
∑
ib
(
eiθbc†i+b↑c
†
i↓ + H.c.
)
,
which adds a Rashba spin-orbit interaction with strength
α and a chiral spin-triplet p-wave superconducting order
parameter ∆p, respectively. Here, b runs over the vectors
that point along the nearest-neighbor bonds and θb is its
polar angle. In a superconductor with spin-orbit interac-
tion such an explicit p-wave component is present if the
Cooper pairs are formed in the basis where the original
kinetic energy plus the spin-orbit interaction is diagonal
[30]. Finally, we get the effect of a ferromagnetic island
by adding the Zeeman exchange term
HVz = −
∑
i,σ,σ′
Vz(i) (σz)σσ′ c
†
iσciσ′ .
Unlike all other terms, which are homogeneous through-
out the system, the Zeeman term Vz(i) is given a spatially
varying value Vz(i) that smoothly transitions from zero
outside of the island, to a finite value inside the island.
We model the system described by Eq. (1) on a large
(201×201) square lattice with parameters (in units of t):
µ = −3.9, ∆s = 0.08, and one of ∆p or α set to 0.28 while
the other is set to 0. For the ferromagnetic islands we as-
sume the profile Vz(i) = 0.24(1/2−atan((r−R)/W )/pi),
FIG. 1: Schematic of a circular ferromagnetic island (grey)
embedded in a 2D superconductor (black) modeled using a to-
tal of 201×201 sites. The (spin-polarized) LDOS in Fig. 2 and
3 are calculated along the red line. While the magnetic atoms
are contained in the circular region, the effective Zeeman field
is assumed to have a smooth profile across the boundary.
where r is the distance from the center of the system,
R is the radius of the island, and W = 5 sets the scale
over which the Zeeman term decays to zero at the is-
land boundary. For the finite spin-orbit interaction α
model, this choice of parameters put the ferromagnetic
island well within a chiral topological phase with a single
chiral edge state, since the condition for the topological
phase reads (−4t + µ)2 + |∆s|2 < V 2z [19]. Note that
without finite magnetism this model is always topolog-
ically trivial. In the alternative case of a finite p-wave
pairing ∆p, a time-reversal invariant topological phase
with helical edge states occurs for very large ∆p when no
magnetism is present [27], but we choose ∆p such that
the surrounding superconductor is decisively within the
trivial phase. We have checked that the exact value of
all parameters are not of importance and our results have
general qualitative validity. This is also true when vary-
ing the dimensional parameters R and W . The particular
choice of parameters have been chosen to provide quan-
titatively relevant results for the already experimentally
realized system of Co ferromagnetic islands on Pb [23].
To solve Eq. (1) we use a Chebyshev polynomial ex-
pansion method [22, 31, 32] to expand the non-principal
part of the Green’s function Gσσ′(i, i, E) using 4000
Chebyshev coefficients. The LDOS is then calculated
as ρ(i, E) = −∑σ 1piGσσ(i, i, E). Note that the imag-
inary part is here not taken as conventionally done
when using the retarded Green’s function, since the non-
principal part has already been isolated in the Cheby-
shev expansion [33]. Similarly, the spin-polarized LDOS
along the spin-polarization axis nˆ is calculated using
ρnˆ(i, E) = − 1pi
∑
σσ′ (〈nˆ|)σ Gσσ′(i, i, E) (|nˆ〉)σ′ , where
|nˆ〉 = cos( θ2 )| ↑〉 + sin( θ2 )eiϕ| ↓〉. All calculations were
implemented using the TBTK library for discrete second-
quantized models [34, 35].
Turning to the results, we plot in Fig. 2 the LDOS for
three different island sizes, for the case of non-zero p-wave
superconductivity (left) or Rashba spin-orbit interaction
(right). As seen, the LDOS exhibits a clear x-shaped fea-
ture crossing through the energy gap around the edges
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FIG. 2: LDOS along a line crossing through a ferromagnetic
island for a system with either finite spin-triplet pairing (left)
or Rashba spin-orbit interaction (right). Blue (red) corre-
sponds to minimum (maximum) values with color intensities
normalized independently in each panel.
of the ferromagnetic island, a feature that is remarkably
similar for both models. Notably, these x-shaped states
are very localized in space, which provides, even by itself,
strong evidence for these states being topologically pro-
tected edge states. We note that this is also very similar
to both the experimental and numerical results reported
in Ref. [23]. While we know that the model with finite
spin-orbit interaction have a chiral edge state, an LDOS
measurement by itself can not give any information re-
garding whether these states are actually chiral or helical.
In fact, from the total LDOS plots in Fig. 2 it is tempt-
ing to conclude that it is two branches crossing the Fermi
level, which would mean that the edge states are either
helical or that there are two chiral modes, both clearly
incorrect for at least the system with finite spin-orbit in-
teraction.
In Fig. 3 we go further and present the the spin-
polarized LDOS with the spin-polarization chosen along
the positive x-axis. These plots immediately reveal that
the x-up spin-polarization branch cross the Fermi surface
only on one side of the sample (here left side), while this
spin is completely absent on the opposite edge. A rever-
sal of the spin-polarization axis similarly shows that the
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FIG. 3: Same as in Fig 2, but for spin-polarized LDOS with
spin-polarization along the positive x-axis.
x-down branch crosses the Fermi level on the opposite
edge. This result directly establishes that there is only
one branch along the edge, which necessarily implies a
single, spin-polarized, chiral edge state.
In both Figs. 2-3 we see that the two models have the
very same qualitative behavior for the whole range of
grain sizes. We can therefore conclude that the two mod-
els are entirely interchangeable as far as the edge state
features are concerned. Notably both models produce
single chiral edge states around the ferromagnetic island.
The only visible difference between the two models is that
the model with Rashba spin-orbit interaction has a some-
what higher density of intragap states that pollutes the
low energy spectrum inside the island. In the following
we continue with a more detailed study of the Rashba
spin-orbit interaction model, but note that we have con-
firmed all results in both models. We choose the spin-
orbit interaction model because it has the more polluted
low-energy spectrum, which means that low-energy edge
state features clearly visible in this model are only clearer
in the p-wave model. It is also the Rashba spin-orbit in-
teraction that is the primary source of the non-trivial
topology in actual materials, since the p-wave supercon-
ductivity is usually induced by the Rashba spin-orbit in-
teraction.
To further understand the properties of the chiral edge
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FIG. 4: (Bottom right panel of Fig. 3 (center) with 2D to-
pographic total LDOS (left) and spin-polarized LDOS (left)
at energies indicated by the black lines: E = 0 (bottom),
E = 0.024 (middle) and E = 0.0496 (top).
states in terms of LDOS measurements, we plot in Fig. 4
both the LDOS and spin-polarized LDOS over the whole
surface surrounding a R = 30 ferromagnetic island for
three different energies. At E = 0 (bottom panels)
the x-up spin-polarization is clearly localized on the left
edge, while the total LDOS is symmetrically distributed
around the whole edge. At a higher energy (middle pan-
els) the spin-polarized LDOS is however transfered and
instead becomes mainly localized on the opposite, right
edge. This can be understod as a direct consequence
of the avoided crossing for the up-spin branch at the
right edge of the island (see center energy-resolved panel).
This avoided crossing causes a locally flat dispersion and
thus the spin-polarization of this gapped edge state over-
whelms all other contributions starting at the avoided
crossing energy. The result is a net x-up polarization on
the right side of the island at this energy and thus an
overall transfer of spin-polarization between the edges
of the island as function of increasing energy. We here
strongly emphasize that the chiral edge state at zero en-
ergy on the right side, with its x-down spin polarization,
only exists because the x-up branch have this avoided
crossing and is thus fully gapped. Thus this avoided
crossing should not be seen as the remnant of any he-
lical state, but it is an intrinsic component of any chiral
edge state. A similar increased x-up spin concentration
at the right edge also occur at the corresponding negative
energy, although it is not displayed in the figure.
We point out that the transfer in concentration of
the spin-polarized LDOS from one edge to the other as
a function of the bias voltage is particularly interest-
ing from an experimental point of view. Namely, the
presence of topologically protected chiral edge states can
be detected as a characteristic oscillation of the spin-
polarized LDOS from one edge to the other as the bias
voltage is swept through the superconducting gap. This
is particularly useful if the edge states are much more
symmetrically distributed than in Fig. 4, for example if
Vz is strong enough to almost entirely tilt the spins in-
side the island perpendicular to the surface. The differ-
ence between the edges for the spin-polarized signal is
then notably smaller. The oscillating nature of the spin-
polarized LDOS can be utilized as an additional signature
because it provides a method for verifying whether the
contrast is large enough to distinguish the values at the
two different edges. Notably this can be done without
any physical modification of either system or probe, only
a change in bias voltage is needed. The oscillating spin-
polarized LDOS can also be utilized to detect the chiral
nature of the edge state when studying a single straight
edge, rather than the edge of a circular island.
At even higher energies (Fig. 4, top) a two-ring struc-
ture develops symmetrically around the whole edge with
the spin-polarized LDOS approaching the same symmet-
ric appearance as the total LDOS. Similarly, a two-ring
structure also develops at the corresponding negative en-
ergies. Such a two-ring structure has also recently been
reported experimentally [23]. We also note that, while
the low-energy spectrum looks notably polluted inside
the ferromagnetic island for the line cuts shown in Figs. 2-
3, the full 2D plots in Figs. 4 make it clear that the edge
features at the edge are in fact clearly dominating. More-
over, the notable ripple pattern seen in Fig. 4 reveals that
the intragap energy features are due to the tails of the
edge states stretching into the island and are thus dimin-
ishing with increasing island size.
We have also performed calculations for different spin-
polarization directions. As long as the spin-polarization
is in-plane, the spin-polarized LDOS shows similar results
as in Fig. 4. The only difference is that the position of
the maximum intensity rotates together with the spin-
polarization axis, such that it always occur when the edge
is perpendicular to the spin-polarization axis. However, if
the spin-polarization axis is taken to be perpendicular to
the surface, then the spin-polarized LDOS is practically
identical to the LDOS. This is a consequence of the spin-
polarization of the edge states having its origin in the
Rashba spin-orbit interaction, which has only an in-plane
spin dependence.
In summary, we have shown that spin-polarized LDOS
measurements can be a very powerful tool for detecting
topological superconductors with chiral edge states. For
any in-plane spin-polarization axis, the spin-polarized
low-energy LDOS is located on only one side of the island
in the topologically non-trivial phase. By simply sweep-
ing the bias voltage through the gap the spin-polarization
is transferred from one island side to the opposite.
We thank J. Cayao, D. Roditchev, and P. Simon for
useful discussions. This work was supported by the
5Swedish Research Council (Vetenskapsr˚adet), The Knut
and Alice Wallenberg Foundation through the Wallen-
berg Academy Fellows program, the Swedish Foundation
for Strategic Research (SSF), and the Go¨ran Gustafsson
Foundation.
[1] A. Kitaev, Phys. Usp. 44, 131 (2001).
[2] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407
(2008).
[3] F. Wilczek, Nat. Phys. 5, 614 (2009).
[4] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[5] X. L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[6] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S.
Das Sarma, Rev. Mod. Phys. 80, 1083 (2008).
[7] J. Alicea, Rep. Prog. Phys. 75, 076501 (2012).
[8] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A.
M. Bakkers, and L. P. Kouwenhoven, Science 336, 1003
(2012).
[9] L. P. Rokhinson, X. Liu, and J. F. Furdyna, Nat. Phys.
8, 795 (2012).
[10] A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and
H. Shtrikman, Nat. Phys. 8, 887 (2012).
[11] S. Nadj-Perge, I. K. Drozdov, J. Li, H. Chen, S. Jeon, J.
Seo, A. H. MacDonald, B. A. Bernevig, and A. Yazdani,
Science 346, 602 (2014).
[12] M. Ruby, F. Pientka, Y. Peng, F. von Oppen, B. W.
Heinrich, and K. J. Franke, Phys. Rev. Lett. 115, 197204
(2015).
[13] R. Pawlak, M. Kisiel, J. Klinovaja, T. Meier, S. Kawai,
T. Glatzel, D. Loss, and E. Meyer, npj Quantum Infor-
mation 2, 16035 (2016).
[14] M. Sato and Y. Ando, Rep. Prog. Phys. 80, 076501
(2017).
[15] M. Sato, Y. Takahashi, and S. Fujimoto, Phys. Rev. Lett.
103, 020401 (2009).
[16] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma,
Phys. rev. Lett. 104, 040502 (2010).
[17] R. M. Lutchyn, J. D, Sau, and S. Das Sarma, Phys. Rev.
Lett. 105, 077001 (2010).
[18] Y. Oreg, G. Rafael, and F. von Oppen, Phys. Rev. Lett
105, 17702 (2010).
[19] M. Sato, Y. Takahashi, and S. Fujimoto, Phys. Rev. B
82, 134521 (2010).
[20] K. Bjo¨rnson and A. M. Black-Schaffer, Phys. Rev. B 88,
024501 (2013).
[21] K. Bjo¨rnson and A. M. Black-Schaffer, Phys. Rev. B 91,
214514 (2015).
[22] K. Bjo¨rnson and A. M. Black-Schaffer, Phys. Rev. B 94,
100501(R) (2016).
[23] G. C. Me´nard, S. Guissart, C. Brun, M. Trif, F. Debon-
tridder, R. T. Leriche, D. Demaille, D. Roditchev, P.
Simon, and T. Cren, arXiv:1607.06353 (2016).
[24] V. Kaladzhyan, C. Bena, and P. Simon, Phys. Rev. B 93,
214514 (2016).
[25] V. Kaladzhyan, P. Simon, and C. Bena, Phys. Rev. B 94,
134511 (2016).
[26] S. S. Pershoguba, K. Bjo¨rnson, A. M. Black-Schaffer, and
A. V. Balatsky, Phys. Rev. Lett. 115, 116602 (2015).
[27] Y. Tanaka, T. Yokoyama, A. V. Balatsky, and N. Na-
gaosa, Phys. Rev. B 79, 060505(R) (2009).
[28] K. Bjo¨rnson, S. S. Pershoguba, A. V. Balatsky and A.
M. Black-Schaffer, Phys. Rev. B 92, 214501 (2015).
[29] A. M. Black-Schaffer and J. Linder, Phys. Rev. B 84,
180509(R) (2011).
[30] J Alicea, Phys. Rev. B 81, 125318 (2010).
[31] A. Weiße, G. Wellein, A. Alvermann, and H. Fehske, Rev.
Mod. Phys. 78, 275 (2006).
[32] L. Covaci, F. M. Peeters, and M. Berciu, Phys. Rev. Lett.
105, 167006 (2010).
[33] K. Bjo¨rnson, Topological band theory and Majorana
fermions. Retrieved from Digital Comprehensive Sum-
maries of Uppsala Dissertation from the Faculty of Sci-
ence and Technology (2016).
[34] K. Bjo¨rnson, & A. Theiler. dafer45/TBTK. Zenodo.
http://doi.org/10.5281/zenodo.596590
[35] K. Bjo¨rnson. (2017, September 26).
dafer45/TBTK2017 09 26: Project specific code.
Zenodo. http://doi.org/10.5281/zenodo.997266
